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STATE OF STRESS OF A STRIP (BEAM) WITH A RECTILINEAR THIN-
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The influence of a rectilinear thin-walled isotropic inclusion of finite length
on the state of stress of a strip (beam) is studied, A system of two singular in-
tegro-differential Prandtl-type equations is obtained, whose solution is suitable
for an inclusion of any stiffness: from absolutely rigid or flexible but inextens-
ible, to absolutely pliable (slit). Thus, a relation is constructed between the
theory of cracks and the theory of thin-walled elastic inclusions, Formulas
are presented for the stress distribution in the neighborhood of the end of the
thin-walled inclusion,
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1, Let us consider an isotropic elastic strip (beam) weakened by a thin-walled el-
astic inclusion directed perpendicularly to the side faces of the strip (Fig. 1). Let 2H
and 2t , respectively, be the width and thickness of the strip, and 2! and 2h
the length and width of the inclusion, We introduce a rectangular Cartesian coordin-
ate system and assume that the inclusion is along the 0z -axisat a < z < b and

— h <<y h inthe zoy plane, Let external loads in the middle plane of the
strip act on this strip, and let the faces of the strip parallel to the zoy plane be ass-
umed free of external stresses.

The quantities characterizing the thin-walled inclusion will be denoted with a zero
subscript. The plus and minus superscripts will denote the boundary values of the fun-
ctions for y — 40 and y — —O0, respectively. We denote the segment [a, b]
of the real axis by L.

The following boundary conditions hold on the edges of the inclusion

(Gy — ifx'u)o:t = (Gu - iTxy):t’ (u + iv)o:t = (u -+ iv):t (1.1)
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Following [1], let us consider the strip as an unbounded plate, then the components
Gy, Oy, Tyy of the stress tensor and the components U and v of the displacement
vector are expressed, under the condition of the plane problem of elasticity theory, in
terms of two analytic functions @ (z) and Q (z) by the following formulas:

0, + 0, = 21D (2) + D (@) (1.2
gy _i'tng—: CD(Z)+Q(E)+ (Zv-ﬁ)@’ (Z)
2p(w G w) =@ () —QE) — (z — 2) D (3)
For the problem formulated, let us first examine two auxiliary functions of the
form
@, (z) = 42" + A1zn‘1 + Am,QD () = Byz" - Blzﬂm1 +- (1.3
.. + B,
which determined the state of stress in a strip without an inclusion depending on the
value of the coefficients A; and B; (j = 0,1, . ... n).
Neglecting quantities of higher order of smallness as compared to AR. we have
for a thin-walled inclusion on the basis of (1. 2)

(Gv - irxy}(}+ + ((51; — Tyl = (1.9
21— w0 K (1) = 2 () + 2K (@) + 2M(@)), zeL

)
(0, — ity)dt — (@y — iTy)y™ = 2hK (2), r &= L
(W - i)t — (0 ), ;‘i_ M (1), zeL
@ i)t 4 W 4 ), =

o (1 L MO)'IZKOK(JC') A (o — 1) M (x) — 2K_(_L‘)_-— 214 ()], res L

where K (x) and M (x) are unknown functions to be determined.
Starting from (1.2), we write the boundary conditions on the edges of the inclus-

ion in the form

(0, — i)t 4 (0, — itg)” == (@ (2) + Q ()] - (L5
(@) +Q@, 2= L

(6, — ity — (0, — i) = [D (1) — Q@IF — 1D (@) —
Q@+ 2K, (@), r=L

(W L i) @ 4 1) = 71“— (#[D" (1) + D{x)] — D (2) -+ Q (@)}

ze= L

(' 4 'Yy — (@ -+ i) =
S [@F (1) — D7 (@)] + [Q7 () — @ (@] + 2Me ()}, 1S L

Ki(r) = i [ By (2) — Q' () 4 207 () bt (1.6

My (@) = ih (D (@) + @y () — 20 (o)) SR b
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Using the dependence (1. 1), we obtain the following boundary value problem to
determine the piecewise-holomorphic functions ® (z) and Q (z) with the line of
jumps L from (1,4) and (1. 5):

(D (@) — Q@I —[® (z) — Q @ = 2 kK’ (z) — (.M
2K, (2), = L
4D () + Q)] — %D (2) + Q@I =LihM'(z)—2M1 (@), 2L
[O@)+ Q@) + @@+ Q@) = (1.8)
T (L — %) K @)+ 2M (2) + 2K @) + T @)], 2L
® [ D* (1?) + @ (2)] — [Q* (2) + Q™ (2)] =
Ly +“o) —— e 126K () + (%o — 1) M () — 2K () — 2M (2)], z=L
Solving the linear conjugate problem (1.7), we find
@) = s D+ E I @ ] + Do) -9
Q@) = el — @+ T 1@ + Q)
3b

b
(K’ () — Ko (})1dt * (M (t)—M, (8)] dt
I (Z t_: s Im(Z): S[ ()t_.:()}

e

a

Ka(z) = _i.gzc1 @), My(z)= E;. M, (z)

Using (1. 9) and (1. 8) we obtain the following system of singular integro-different-
ial, Prandtl-type equations to determine the unknown functions K (x) and M (z):

i (A~ ) K @)+ 2M (2) + 2K (@) + 2 (@)] — (1.10)

h(1 -~ 2k
T @) — iy @ = ®o() + (), 2L

s 20K @)+ (v — 1) M (2) — T @) — 20 @) —

2h 2
‘31“(‘1":"-‘;27 k(@) — ﬁ’:ﬁf (x) = %Dy (2) — Qo (2), xEL

2. Following [2], we seek the solution of the system (1. 10) in the form

L3 (2.1)
K (@) = Ko+ Ks (@) = VI=2 Y = XnUn1 (@)
m=1
— ket 1
M(xl)mMo—}—Ma(xl)—Vi—x’ETn-YmUm_1(x), |2 <4
ma=)
b-—-a d+b (2o 2)

Ty = ) z+ 3
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Ky (2) = [@q (2) — Qo (2) + 2B, (@) — An + B, — 2 A, B2 &*o 1)
M (x) = [#@y (z) + Qo (z) — 20¢ (2) — x4, — B, -+ 24, 20 Luo. B)

Here Ko, My, Xpn, Yy are unknown coefficients, T'p, (z) and U, (2)
Chebyshev polynomials of the first and second kinds, respectively,

Substituting (2. 1) into (1. 9), we find expressions for the functions @ (z) and
Q ()

are

x©

¥\ [(Et)  Tme
®@) = — zt‘f*?rm (Xw%ym)[(z“)ﬁr_%___g—_m—(z.g)

Ut (20)| + @0 (3)

[+

2h B b—a Tm (z) .
00 = oty 2 (= T [ )y
Una@)]+ @)
zZ= b-—z-a %1+ a+b

Starting from (1, 10) and (2. 1), and following [2], we arrive at an infinite system
of linear algebraic equations to determine the expansion coefficients X, and Y,

Vb — X, + 2V 2.9
s 3 H ) [ — %0) X - 2¥ i+ 2K+ 2F ] +

ma=1

CiXn+ Co¥n = Dy

R WS )Y —2X,, — 2V
uu(1+xo)m2;1mﬂ (m, 1) (206X + (%0 — 1) Vn — 2Xn — 2V ] +

CiXo+CY =P,
0, if m4n are odd.

1 1
Himn) = G raihmrn=D  m—n—D(m—ntD (. 5)
if m-4n are even
C, = S —%) Cy = 2nhyp
R ey ) R (R N T
Co = 2nhx C . nkp (x,._i}
S ¥ ¢ B2 B (R I (D)
D, (1+m)[(1 %0) Ko + 2M + 2K, + 2M,]
po27,‘——”;'0)—‘[2%01(04‘(%0——1)Mo——2Ko——2Mo]

1
= S {—- @y (21) — Qo (2y) + —(ﬁ_i"m[(i”—uo) Ks(:)+2Ms(x1) +

—1
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2K (1) + 2M 3 (21)] - Do} Vi—2U,.,(z)dz

1
Pp= 5_1 {Qo (71) — %Dy (21) +P« (1 -I—u )[2%0K3(331)-|— (o —1) M5(21)—

2K (71) — 205 (@) + P.,} VI =22 U,y (2)d

We assume the following values for Do and Re P,
D, = (An+Bn)£lﬁL£‘ﬂﬁ, ReP, = Re(nAn_Bn)m_in_}&%__’i) (2.6)
0

and we find the constant Im P, from the condition (A is the domain of the incl-

usion) [3] —
BG£Z[9(2)+®(2)]dz=O 2.7

Taking account of (2. 3), after manipulation we obtain from (2. 7)
Im X, =0 (2.8)
By using the results of [2, 4], it can be shown that the system of linear algebraic equat-
ions (2. 4) will be quasiregular,
Proceeding in the same manner as was done-in [5], the state of stress in the neigh-
borhood of the end of the inclusion can be represented in the polar r, 6 coordinate
system (Fig. 1) in the form

o, 5c081/,0 — cos 3/, 0
Op 3cos /50 + cos 3/0] + (2.9)
Trg K VZ’ sin1/,0 4 sin3/, 0

— 5sin 1/, 0 4 3sin 3/, 0

2_ | —3sinl/y0 — 3sin /40
4Ver c0s Y/, 0 - 3cos 3/, 0 +
5c081/,0 4 (1 4 2%) cos 3/; 0
—Ks_3cos 158 — (1 4- 2x%) cos 3/, 0
SV2r | Gin1,0 — (1 + 2%)sin®, 0
— 5sin /50 4 (1 — 2%)sin 3/,0

Ko | 3sin1/,0 — (1 — 2%)sin %, 0| + 0 (")
4V c081/20 - (1 — 2%) cos 3/, 0

4+

Here K; (i = 1, 2, 3, 4) are stress intensity coefficients which are determined by
the formulas

i apd__ _ _ 2 b— o\ \ _ q\maD (e~
Ky —iky = — = () PG Yo  (2.10
m=1
73 7 _ 2h b-—d "‘/2 - (m+1) (2-—]‘)
Ky =K = = (F5) L (0 Xm

m=]
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(=1 fortheend @ and j = 2 for the end b).
Passing to the limit in (1, 10) or (2, 4), respectively, as Mo —> 90, [y — 0, no
—> W and taking account of (1. 9), (2. 3), (2. 6) and (2, 8), we obtain the solution of
the following problems: for an absolutely rigid inclusion, a pliable inclusion (slit), and
a homogeneous strip (beam),

3. A numerical analysis was performed for the following cases: 1) pure bending of
a beam by moments M ; 2) Deformation of a beam subjected to a uniformly distribut-
ed pressure of intensity ¢ along the length,
According to [1], the coefficients 4;, B; have the following form
Ay=M/(4D), B,=3M/(4l), A; =B; =0 (i=20,1,3,4 ..., n)
in the first case and
Ay = qf (24D), 4, = q(w? — 3H%!5)/ (8I), Ay = —gH®/ (12}
B, = 1q/ (241}, B, = q (3uw® — 11H?/ 5) [ (81), By = qH®/ (121)
A;=B;=0 (i=1,45 ...,0),...,

in the second case, where [ = 4gH3%/3 and 2w isthe length gf the beam.x
The dependence of the stress intensity coefficients Ki' = V2IK;/ (3Ma™?) (i =

1, 2, 3, 4) on the relative stiffness of the inclusion and the strip &k = uo/ 1 is repres-
ented in Figs, 2 and 3, The same dependence but only the quantities X;' = IK;/

(V2qa™%) are given in Figs, 4 and 5. Curves I and 2 characterize the stress inten-
sity coefficients (—XK,') and (—X3" respectively, at the point a, and curves 3
and 4 the K, and Ky atthe point b. Let usnote that the curves in Figs, 3 and
5 are a continuation of the correspending curves in Figs, % and 4, For the examples
under consideration K,' = K, = 0. In the first case the calculations are performed
for the following values of the parameters in the problem: k/a = 0.45, b/a = 10,
and in the second for A/ a =02, b/a =05, H/ a = 10,andw / a = 10.For both cases
it is considered that the Poisson's ratios equal v = v, = Y/,.
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